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THE STABILITY OF THE STEADY MOTIONS OF
A RIGID BODY IN A CENTRAL FIELDY¥
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The problem of the transiational-rotational motion of a rigid body with a triaxial ellipsoid of inertia in a central gravitational
field is considered. The body is modelled by a weightless sphere, at the ends of the three mutually perpendicular diameters of
which there are point masses. It is shown that, unlike the cases when the approximate expression for the potential of the gravity
forces is used, there are not only “trivial” steady motions of the body, for which the main central axes of inertia of the body
coincide with the axes of the orbital system of coordinates, but also other classes of steady motions. In addition, the stability of
these “trivial” steady motions is investigated, and the possibility of secular stability of the motions, unstable in the satellite
approximation, is pointed out.

1. We will consider the motion of a body with a triaxial ellipsoid of inertia in a central Newtonian field.
The body is modelled by a weightless sphere of radius a, at the ends of the three mutually orthogonal
diameters d; of which there are point masses m;/2,i = 1, 2, 3. Without loss of generality we will assume
that my > my > ms.

We will introduce a fixed system of coordinates MEn( with origin at the attracting centre and system
of coordinates Oxyx,x; connected to the body with origin at the centre of mass and axes Ox; directed
along the above-mentioned diameters. The position of the centre of mass of the body with respect to
the fixed system of coordinates will be defined by the spherical coordinates p, 9, y, where & is the angle
that the radius vector p = MO makes with the plane O(E, vy is the angle between O axis and the
projection of the radius vector p on the O plane, and p is the length of the vector p.

Suppose vy is the unit vector directed along the vector p, while B is the unit vector directed along the
Mn axis. The projections of these vectors onto the Ox; axes will be denoted by +y; and §;, respectively.
They are obviously linked by the relations

T Y=L X B =1 I P =sind (11)

Suppose m = m; + m, + ms is the mass of the body, J; = a%(m; + my) are its principal central moments
of inertia, and i # j # Kk, (i, ], k) € S3, where S; is the group otj permutations of the three elements (1,
2,3); here J1< J, < Js.

The kinetic and potential energies of the system have the form

= %[m(p2 +p2y2 cos? B+ p*82) + J 0} + 1,03 + J,w3]
. -1
U=3 [F@+Fa)l F@=-L200" o+ 2apy,)

Here f is the gravitational constant, M is the mass of the attracting centre, and «; are the projections
of the absolute angular velocity of the body ® onto the Ox; axes.
The equations of motion of the body allow of energy and area integrals
T+ U =const, dT /3y =k =const
Assuming ® = yf§ + ®*, where ©* is the instantaneous angular velocity of the body in its motion in

an orbital system of coordinates and ignoring the cyclic coordinate y, we will introduce the Routh
function
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R=T-U-ky=R,+R +R,

Here R, is the homogeneous part of the function R of degree s with respect to p, 9, @;*. Here, the change
potential energy of the body W = —R, takes the form W = U + k%/(2S), where

S = mp? cos? O+ J,p? + J,B3 + J,B3
By Routh’s theorem the steady motions of the system are denoted by the critical points of the function
W (see, for example, [1-3]).
Since the direction cosines are linked by relations (1.1), instead of W we will henceforth consider
the function
W, =W+AZ 7,8, —sin®)+0(T y> -1)/2+v3 B2 -1)/2

where A, G, v are undetermined Lagrange multipliers.

2. The conditions for the function W. to be stationary lead to the following equations

oW 2 2
‘a—p*'=%2 m‘.((p+ay‘.)1}(a)+(p—a'y'.)}}(—a))_f_m_P;Tos_ﬂ=0 (21)
oW, _ k’mpsin29 _
30 - 252 ~Acos®=0 (22)
oW,
S = LR m (B @B -a)+1 oy, =0 23)
oW, k?
3B, = _F‘,iﬁi +MY;+vB, =0 (24)
Here Pi(a) = (p* + a* + 2apy)™>.

Solutions of the form

Vi =1 B} =1G#)) ¥; =Y =B; =B, =0
9=0, A=0, 6=0g. V="V, (2.5)

obviously satisfy system (2.2)~2.4), (1.1) identically with respect to p.

The solutions correspond to steady motions of the body for which its centre of mass moves in a circular
orbit, one of the principal central axes of inertia of which is directed along the radius vector, while the
other two are directed along the tangent and binormal to the orbit. Equation (2.1) then takes the form

k2 = Cyi{p) (2.6)
MSs? p? +a? m; +my
mp i P p(p* -a*)? (p* +ad* %

the constants oy; and vg; are defined by the relations

24 q? K2,
Cg; = me‘.az .‘M = J (27)

o -a) Voj =57~

When p > a there is a unique point p,‘-,’- such that y{j(pg) = 0. Consequently, Eq. (2.6), when
p > a has no solutions for k% < ko,-jz- = y,-j(pg-), has a unique solution p = p for k¥ = kg-zand two
solutions p = p?}(kz) for k2 > k‘}f, where p7; > p?j > pyandy; > O when p > py, yi; < Owhenp < p,‘-}.

In other words, for a specified value of the constant of the area integral two different steady motions
of the body are possible corresponding to the same orientation of the body and differing in the value
of the radius of the orbit (compare with [4-7]).
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Henceforth, without loss of generality we will consider the solutions (2.8) for whichy; = B; = 1, since
the solutions of the form y; + 1, B; = *+1 correspond to geometrically identical solutions.

3. To investigate the stability of the steady motions we set up the secular equation [3]
A(K) = (p; = K)(P, = K)(p3 = K)(3K” = 2Kp, + ps) =0

where p, are expressed in a certain way (see below) in terms of the diagonal elements of the matrix of
the second variation of the reduced potential (n = 1, 2, 3)

I’W, W, ) _ Kmp®
Wn=(a_pz—) ’ W22=(aﬁz) = ;nzp
0 0

; W, 3p? +a? 3m,
wn+2‘"+2 =( } = fMa2p|:m ( p a )_ p
0

ay; "(pP-a’y  (pr+at )t

w - oW, =k21,. Li=l-J, L=J3-J,
n+5,n+5 aB’ZI o SZ 4 13 ="2_J|

Here and henceforth the subscript zero denotes that the corresponding expression is calculated for
the steady motion considered.
Consider the following steady motion

p=piak?), ¥;=B3=1 Y,=7:=PB, =B, =0
G =06y, V=Vg 3.1)

corresponding to the orientation of the body for which the axis of the least moment of inertia is directed
along the radius vector, the axis of the greatest moment of inertia is directed along the normal to the
plane of the orbit, and the axis of the mean moment of inertia is directed along the tangent.
Here and henceforth p,~,-(k2) is the solution of Eq. (2.6), oy, Vv are defined by (2.7) for appropriate
values of i and j, while the relations 9 = A = 0 are common for all the solutions of the form (2.5).
For the steady motion (3.1) the coefficients of the secular equation take the following form

- — ! —
Pr=Wi1s P2 =Wy, P3=Wn
- 1 _ i 1
P4 =Wy +Wss +Wee, D5 = WyWss + WyWeg + WssWeg

The sign of wy; is the same as the sign of yj3(p), i.e. w;y > O forp = pf3(k2), wy = 0 for p = pYs
and wy; < 0 for p = pi3(k?), while wy, > 0, weg > 0, w77 > 0 in view of the fact that J; > J, > J;.

To investigate wyy and wss we will consider the function g;(x) = m,-zm]-‘29‘1x'1(3x + b)Y (x + b)Y’(x -
b)™ (x = p?, a = b). It is obvious that

2

lim g;(x)=+c, lim g, (x)=m?m;?
x—)b+gu( ) x-—)+oogu( ) Y

where gji(x) < 0 for any x > b. Hence, we obtain that g;(x) > 1 when m; > m; and g;(x) < 1 otherwise.
The function gy, > 1. Consequently wi, > 0 and wis > 0, and also (taking the relations wy > 0,
wgg > 0 into account) we have p, > 0 and p5 > 0.
Hence, the four roots of the secular equation corresponding to solution (3.1) are always positive,
while the root k; = wyy is positive for the branch p = p}3(k?) and negative for the branch p = pi3(k%)
Thus, the I?Zegree of instability of solutions (3.1) is equal to zero for p = p13(k?) and equal to unity
forp = p; .
C‘:)nse%:l;ént}y, the steady motions (3.1) are stable in the secular sense if p = p?3(k%) and unstable if

p = pis( .
For steady motion

p=pp(k®), i =By =1 v, =73 =B, =B3 =0, 0=0y, V=Vg, (3.2)
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corresponding to the orientation of the body in which the axis of the least moment of inertia is directed
along the radius vector, the axis of the mean moment of inertia is directed along the normal to the
plane of the orbit and the axis of the greatest moment of inertia is directed along the tangent, we similarly
obtain that the degree of instability of solutions (3.2) is equal to unity for p = p?,(k?) and equal to two
for p = pp(k?) (for these solutions one of the roots of the secular equation is always less than zero,
three others are always greater than zero, and one changes sign when p = p(l’z).

Consequently, the steady motions (3.2) are unstable if p = p3,(k?), while the steady motions p =
pia(k?), generally speaking, gyroscopic stabilization is possible.

In Fig. 1 we show the form of the section of space p, 9, v, B, k by the hyperplane y;, = 1, B3p) = 1,
Y. =1 = 0, By = By3y = 0, & = 0; the numbers 0(1) and 1(2) indicate the degree of instability of the
corresponding steady motions.

4. Consider the steady motion

P=Pz3(k2)’ Y2=Bi=1 7, =Y3=8,=B,=0, 6=0¢, V=Vg, 4.1)

corresponding to the orientation of the body in which the axis of the least moment of inertia is directed

along the tangent to the orbit, the axis of the mean moment of inertia is directed along the radius vector,

and the axis of the greatest moment of inertia is directed along the normal to the plane of the orbit.
For steady motion (4.1) the coefficients of the secular equation take the following form

— — 2 _ _ 2 _ 2 2
PL= Wy, Py S W33, Py =Wegs Py =Wy +Wis Wy, Ps = WpWss + Wiy + WssWyy

The sign of wy; is the same as the sign of y%3(p), i.e. wy; > 0if p = ph(k?), wy = 0if p = pJs; and
wi < 0if p = px(k?). Obviously, wy, > 0, wss > 0, since m, > ms, while wgg > 0, wy; > 0 since J; >
L >

The function g,;(x) = 1 when x = x%;. Consequently, wi; > 0if p € (a; p% = (x3:)"2), was = 0 if p
= p% and wh; < 0 if p € (p3s; +20), ps > 0 and ps > 0. By what was said above the root x; = wy; is
positive for the branch p = p53(k%) and negative for the branch p = p5(k?), x; > 0 for p € (a, p%s), %2
= 0 for p = p3; and x, < 0 for p € (p3s; +<0), while the remaining three roots are always positive.

Depending on the parameters of the Rroblem 1y = mum3l, gy = mym3?, two versions of the position
of the points p3, p3; are possible: (a) p3s, > p3s, (b) p2s, > ps.

Consequently, the steady motions (4.1) in case (a) are unstable if p € (a; p%;) U (pJ; + o), and unstable
in the secular sense if p € (p%s; p%), while in case (b) they are unstable if p € (a; p33) U (phs; + )
and stable in the secular sense if p € (p33, p33), where in this case p3; — +oois py — p,.

For the steady motion

P=P21(k2)v Y.=B =1 ¥, =Y;=B,=B3=0, 6=0p, V=V (4.2)
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Fig. 1.
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corresponding to the orientation of the body in which the axis of the mean moment of inertia is directed
along the radius vector, the axis of the least moment of inertia is directed along the normal to the
plane of the orbit, and the axis of the greatest moment of inertia is directed along the tangent,
we similarly obtain that, de opendlng on the parameters i, and py, the steady motions (4 2) in case (a)
are unstable if p € (p3;, p2;) and unstable in the secular sense if p € (a; p31) U (%, +o), whlle in
case (b) they are unstable if p € (p);, p%1) and unstable in the secular sense if p € (a, pJy) U
(pil: +°°)

In Fig. 2 we show the form of the section of the space p, 9, v, B, k by the hyperplane v, = 1,
B3 n=Ln=p1=0p= B1(3 =0, ¥ = 0, where the numbers 0(1), 1(2) and 2(3) indicate the degree
of mstablhty of the corrcspondmg steady motions. Note that at the points  §23(1) the degree of instability
of the corresponding motions changes despite the fact that at these points, it would appear, there is
no branching of the solutions. In fact, at these points the expression w§3(p21) vanishes and from solutions
(4.1) and (4.2) the steady motions for which

T+ (V2 =12 +75 +Bls) +B3 +Bsy = 1)* + 92 %0

branch off. The branches corresponding to these solutions emerge from the sections indicated in
Fig. 2(a), (b).

The orientations of the body for which the axis of the greatest moment of inertia is directed along
the normal to the plane of the orbit while the axis of the mean and least moments of inertia do not
coincide with the radius vector of the centre of mass and the tangent to the orbit correspond to these
solutions.
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Fig. 2.
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Note. If B, — p; — +0 then p%; — ~+oo. This means that secular stability of the steady motions of a body with
a triaxial ellipsoid of inertia, close to an ellipsoid of revolution is possible if the axis of least moment of inertia is
directed along the tangent to the orbit, the axis of the mean moment of inertia is directed along the radius vector,
while the axis of the greatest moment of inertia is directed along the normal to the plane of the orbit (it is assumed
here that the least and mean moments of inertia are close but not equal to one another (see also [4])).
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5. In a similar way we can investigate the stability of the steady motions
p=pn?®), Y3=B,=1 7,=Y,=B;=B3=0, 6=0g, V=V, (5.1

p=pyu(k*) Y3=P; =1 Y1 =7, =B, =B3=0, 0=0¢3, V="Vp (5.2)

which correspond to orientations of the body for which the axis of the greatest moment of inertia
is directed along the radius vector, the axis of the mean moment of inertia is directed along the
normal (5.1) or along the tangent (5.2), and the axis of least moment of inertia is directed along
the tangent (5.1) or along the normal (5.2).

In Fig. 3(a)—(c) we show the form of the section of the space p, 9, v, B, k by the hyperplane y;, = 1,
Bsay = 1,71 = v3 = 0. B, = P13y = 0, ¥ = 0 and we also show the degree of instability of the corresponding
steady motions.

At the points S%y;) and $33;) the degree of instability of the corresponding motions changes and the
steady motions for which

Y: +(¥; D2 +73 +B¥,, +B3 + By — D2+92 20

are branched off from the solutions (5.1) and (5.2). The branches corresponding to these solutions
emerge from the sections shown in Fig. 3(a)—(c).

Orientations of the body for which the axis of the mean (least) moment of inertia directed along the
normal to the plane of the orbit while the axis of the greatest and least (mean) moments of inertia do
not coincide with the radius vector of the centre of mass and the tangent to the orbit correspond to
these solutions.

6. In conclusion we will compare the results obtained with the results of an investigation of the
“satellite approximation” for the potential of the gravity forces. In the latter case it is assumed that
€ = a/p < 1, and we must confine ourselves to that part of Figs 1-3 for which this assumption is
satisfied. Then, for solutions of the form (3.1) and (3.2) the results obtained in Section 3 agree with
the corresponding results for the case when the “satellite approximation” is used (see, for example,
[1])-

For the solutions (4.1), (4.2) and (5.1), (5.2) in the general case there is no exact agreement. It occurs
only when the quantity

= i (mi =) m)

differs from zero by a certain finite number (see Fig. 2a and Fig. 3b). If § < 1, the points S,; and
S3, on the branches indicated by the plus sign (see Fig. 2b and Fig. 3a and c), may depart to infinity
and the relation € € 1 can be satisfied for them. Hence, the “satellite approximation” does not
enable one, in particular, to detect the possibility that “nontrivial” steady motions will exist and the
presence of secular stability of the “trivial” steady motions for which the axis of the least moment of
inertia of the body is not directed along the radius vector, even when the assumption that the dimensions
of the body are small compared with the radius of the orbit of its centre of mass is satisfied, if in this
case the ratio of any two moments of inertia of the body is close to unity (see also [4, 8]). Note that the
latter certainly occurs for many natural celestial bodies.

1 wish to thank A. V. Karapetyan for discussing this paper.
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